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1 Introduction 



The uncertainty principle states that a nonzero function and its Fourier trans- 
form cannot both be sharply localized. In the language of quantum mechan- 
ics, this principle says that an observer cannot simultaneously and precisely 
determines the values of position and momentum of a quantum particule. A 
mathematical formulation of this physical ideas is firstly developed by Heisen- 
berg ^ in 1927. For / G L^(M), a precise quantitative formulation of the 

*The authors are supported by the DGRST research project 04/UR/15-02 
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uncertainty principle, usually called Heisenberg inequality, is the following 



x'\f{x)fdx. / e /(o 



\f{x)fdx 



(1) 



where 



/2n 



f{x)e-'^'^dx. 



This result does not appear in Heisenberg paper The relation ([T]) ap- 
pears in Weyl who credits the result to Pauli. In framework of Hankel 
transform, Bowie in [1] studied the Heisenberg uncertainty principle. Rosier 
in [in] and Shimeno in [TT] have proved, by different methods, an Heisen- 
berg inequality for the Dunkl transform. Recently, Ma in |6] has obtained 
an Heisenberg inequality for the Jacobi transform. Since the 20's of last 
century, many works have been devoted to studyng uncertainty principle in 
various forms. Among these, we can cite the works of Faris [2] and Price ([8], 
[9]), whose aim is to establish local uncertainty inequalities. In this paper, 
firstly we obtain an analogous of Heisenberg inequality for the Laguerre- 
Bessel transform. Next, for this transform we develop further inequalities 
in the sharpest forms, which constitue the principle of local uncertainty. 
Throughout the paper, we denote IK = [0, +oo) x [0, +oo), IK = [0, +oo) x N 
and we designate by C a positive constant, which is not necessarily same at 
each occurrence. 



2 Laguerre-Bessel transform 

In this section, we collect some notations and results about the Laguerre- 
Bessel harmonics analysis. For more details, we refer the reader to [3]. 
For a > 0, we consider the following system of partial differential operators 



Do 



dx"^ 



+ 



2a d 
Tdi 

2a + l d 
x dx 



+ x^Di, {x,t)eK. 
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For (A, m) e K, the system 

' Dim = -X^u 

^ D2U ^ -2X{2m + a + l)u 

u(0,0) = l, 1^(0,0) = ^(0,0) = 

possesses a unique solution denoted </?(A,m) and given by 

Vix,m){x,t) = (At) C^iXx''), {x,t) e K, 
where ja is the normahzed Bessel function given by 

(-1)'' /T\2k 



k=0 



k\ r(a + A; + l) 



(!)■ 



and £^ is the Laguerre function defined on [0, +00) by 



being the Laguerre polynomial of degree m and order a given by 

T{m + a + l){-xy 



j=0 



T{m-j + l)T{j + a + l)jV 



defined in terms of the generating function by 

+00 



1 



m=0 



a+1 



xt 

e i-t 



(2) 



Notations 



• iS*(K) the space of C°° functions on R^, even with respect to each variable 
and rapidly decreasing together with all their derivatives i.c for all k,p,q e N, 



Nk,pM)= sup ^{l + x' + t') 
{x,t)er 



2\k 



Qp+q 



dxP dti 



f{x,t) 



< +00. 
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Z^(K), p e [1, +00], the spaces of measurable functions on K such that 



a,p 



\f{x,t)fdma{x,t) 



< +00 , ifpe[l,+oo) 



a,oo = ess sup \f{x,t)\ < +00, 
(x,t)eK 



where is the positive measure defined on K by 

1 



d'ma{x, t) 



^2a+l 



7rr(Q; + !)■ 

p e [1, +00], the spaces of measurable functions on K such that 



\g{X,m)\Pd'ya{X,m) 



< +00 , ifpe[l,+oo) 



l5ll7a,oo = esssup |^(A,m)| < +00, 

(A,m)eK 



where 7^ is the positive measure defined on K by 
f 1 °° r+00 

i[o,+oo[xN 2^" r(Q;+2);^ 7o 

Let / e «S*(IK), for all (x, t) and (y, s) e K, we put 

^ ^ r /(A,(x, y),Y + i-iyt + i-iys) de , 

4 o -n -^0 



z/ q: = 0, 
, i/ q; > 0. 



where A6i(x,y) = y^aJ^~+~y^~+^x^7Jos^, 6, 
y = sin 9 and 



(a + l)r(a + i; 



n3r(a) 

cima(,^,^,^) = (sin^)^""^ (sinV')^""^ (sin^)^"^^ d^j dO. 
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We define the convolution priduct f * g oi two functions f,g e (K) , by 

{f*9){x,t)= / T^f^J{y,s) g{y,s)dma{y,s), {x,t)eK. 
Jk 

Lemma 2.1 If f e Lp{K), g G Ll{K) such that 1 < p,q < oo and 
i + i — 1 = then the function f * g G L^(K), and 

II * 5'lla,r — II-^IIqiP ll^lla,q ■ 

We consider tiie dilations on K defined by 

Sr{x,t) — {rx,r^t), r > 0. 

We also introduce a homogeneous norm, related to family {Sr)r>o defined by 

|(x,i)| = (a;^ + 4i2)i 
We define the ball centered at (0, 0) of radius r by 

Br = {{x,t) e < r}. 

Let / e -f'a(IK), the Laguerre-Bessel transform of / is defined by 

^z,B(/)(A,m) = / f{x,t) ip^x,m){x,t)dma{x,t). 
Jk 

For / and g e Ll^(K), we have : 

^LB(/*^)(A,m) = J'LB(/)(A,m) J'Lij(^)(A, m). 

The integral transform can be extended to an isometric isomorphism iv^(IK) 
to L^^ (K) and we have the Plancherel formula. 

ll/IL,2 = ll-^i:B(/) 11,^,2, feL\K)nL\K). 
We consider the differential operator 

L - - (— + '^^^— + x'^D^ (3) 
V dx"^ X dx ^ I 
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L is positive and symetric in L^(]K), and is homogeneous of degree 2 if K is 
endowed with the family of dilations {6r)r>o, Sr{x,t) = {rx,r'^t). 
We have 

Lip(x,m) = 2\{2m + a + l)ip(^x,m)- 
As in [12], page 117, we define for & > by 

Tlb (L'f) (A,m) = (2A(2m + a + 1))' J-lb(/)(A, m), 

On the other hand, L is hypoelliptic on K. Also, the heat operator 

L + ds is hypoelliptic on K x (0, +oo). Hence, similar arguments from the 

proof of Hunt's theorem |5l Theorem 3.4] 

Proposition 2.1 There is a unique C°° function h{{x,t),s) = hs{x,t) on 
K X (0, +oo) with the following properties 
i) {L + ds)h = on K X (0, +oo), 

a) hs{x,t) > and / kg dm^ = 1, 
Jk 

Hi) hs^ * = hs^+s2, Si,S2 > 0, 



Lemma 2.2 For any s > 0, J^LB{hs){\m) = e-2^(2'"+"+l)^ 
Proof. From the equalities 

ds{hs * u) = —Lu * hs (4) 

and 

J^LB{Lu){\,m) = -2A(2m + a + 1) J^LB{u){\,m). (5) 
we show that the function J-i5(/is)(A, m) satisfy the differential equations 

—w = — 2A(2m + a + l)w. the result is proved. □ 
ds 

Let {H'^, s > 0} be the heat semigroup. There is an unique smooth function 
h{{x, t),s) = hs{x, t) on K X (0, +oo) such that H^f{x, t) = f * hs{x, t). 
hs is called the heat kernel assocaited to L. 

Lemma 2.3 

\\hs\L,2<Cs-'^ (6) 
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Proof. By the Plancherel formula, we have ||/is||Q,2 ~ II-^lbI^s)]! 



1 r+oo ( +00 \ 

By the generating function identity ([2]) for the Laguerre polynomials, we 
have: 



3 Heisenberg inequality for Laguerre-Bessel 
transform 

Lemma 3.1 Let < a < 3a + 2, then for all f G L^(K), we have 

\\H'fL,2< c s-^^ II i(x,t)r /t^,. 

Proof. For r > 0, let fr = f XSr and f = f - f^. 
Then 

\nx,t)\< r-'^i(x,t)r i/(x,t)i 

So 

iii^viL,2< iiriL,2< ^^"11 i(^,^)r /L,2- 

On the other hand, we have 

ll^7r|L,2 = ll/r*^.IL,2 

— ll/r-IL,l ll^slL,2 

< \\hsL,2 II \i^,t)rxB^i^, II i(:r,t)r /L,2 



Since, 



0/0+1 2a+l \ 

\(r t)\~°-'y 11^ = 2 ' 2 f 6Q+4-2a 

K-^, )\ XBHIa,2 4-+%r(a + l)(3a + 2-a) 
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with B is the beta function, we get 

II^VIL,2<II^VrlL,2 + II^T1L,2 

By the relation (j6]), we obtain: 

Choosing r = s^, we obtain WH^'fW^^^ ^ \\ \{x,t)\'^ f\\^^ . □ 
Theorem 3.1 Let a,b > 0, then for all f G we have 

2b °- 

II |(x,t)r /II-- {2(2m + a + l)Xf:FUf) > C \\f\l^, (7) 

Proof . S(K) is dense in L^(K), so we need only to prove ([7]) for iS(K). 
Assume that a < 3a + 2. 
If 6 < 1, By lemma Em 



,2<ll^7IL,2 + ll(i-^^)/IL,2 

<C.-t|| \ix,t)r fL,, + \\il-H-^) (.L)-^ (.L)V|L,2 
Let g = {sL^f, so 

\\il-H^) (sL)-' g\l^^=\\ (i_e2^(2™+°+i)) (2A(2m + a + 1))"^ '^^^(^)IL,2 
since, if 6 < 1 the function t \ — > (1 — e^*) t^'' is bounded for t > . Therefore 

ll/L,2<c(.-t II \{x,t)r ft^, + s'\\L' f\ 
From which, optimizing in s, we obtain 



lo,2 



a,2 



Since J^lb{L'' f){X,m) = (2(2m + a + 1)A) TLB{f){X,m) and from the Plancherel 
formula, we get the result. 

If 6 > 1. For u >0, u < 1 + u^, which for u = ^(^™+°+^) ^ gives the 
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inequality ^J2lll±^ < i + ^n2rn+a+i)xy ^ ^ ^ ^ 



It follows that 



\\{2{2m + a + l)X)TUf)K,2< ^ ll/IL,2+£'''' (2(2m + « + l)Ar 
optimizing in e, we get: 

||(2(2m + a + l)A)^iB(/)||,„,2< C'll/lll? {2{2m + a + 1) Xf Mf) 



7c, 2 



Together with ([7]) for & = 1, we get the result for b > 1. 
If a > 3a + 2, then using 

It follows that 

II 1(^,^)1 /L,2< ^ll/IL,2 + ^^-"ll 1(^,^)1" /lU 

optimizing in e, we get: 

II 1(^,^)1 /IL,2< cwffjw \{x,t)\'^ fwi. 

Together with ([7]) for a = 1, we get the result for a > 3a + 2. 



7c ,2 



□ 



4 Local uncertainty inequalities 

In this section, we establish a local uncertainty inequalities related to Laguerre- 
Bessel transform. Similar results are obtained by Omri and Rachdi [7] in 
framework of the Riemann-Liouville operator. 

Theorem 4.1 Let s be a real number such that < s < 3a + 2. Then 
for all nonzero f G L'^{'K) and for all measurable subsets £" C K such that 
< 7a(-E') < +00, we have 



(8) 
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where 



K 



4"+%r(a + l)s2 J 3a + 2-s 

Proof. Let < s < 3a + 2 and / G I^^(K), we have 



JJjJ'LB{m,m)\'d^^{X,m)y = WJ'LBiflXEW 



7a, 2 



By Minkowski's inequality, it follows 

\\J^LB{f)XE\\^^^2 < \\J^LB{fXBr)XE\\^^^2 + \\j^LB{fXB-)XE\ 

Therefore 

II^lb(/)xeII,,,2 < laiEf^ II/xbJL,i + 11^^,2 (10) 

On the other hand, using Holder inequality, we get 

\\fxBAL,,<\\ i(x,t)r/L,2 II \i^^t)rxB.t^2 (11) 

Therefore, we have 

Plancherel's theorem allows as to say 



\j^LBifXB-)\\^ 2 = ||/X 



<ii \i^,t)n\L2 II K^'Or^xi^^iL,^ 

So 

||^Li.(/XBc)||^^_^<r-^|| |(x,t)r /IL,2 (13) 

Combining the relations (fTOl) . (fT2l) and (fT3l) . we deduce that for all s > 0, we 
have 

WJ^LBinXEl^^^ < 9c.Ar) II l(:^,t)r /L,2 (14) 
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where ga,sis the function defined on (0, +00) by 



75/ a+l 2a+l ' 
^\ 2 ' 2 ' 



ME) r 



4"+i7rr(a + l)(3a + 2-s 
In particular, we have the inequahty ( fTSl) 

\\J^LB{f)XE\\^^^2 < ^",.(ro) II |(x,t)|^ /||„_2 

where 



(15) 



I 3a + 2 



3a + 2-s' V4°+^7rr(a + l)(3a + 2-s 



ME) 



' 2(3q: + 2) 



However g'Q,,s(ro) = 7a(£') 2(3^+2) where 



2q+1^ 



(3a + 2 - s) 



4°+i7rr(a + l)s2 



2(3ci+2) 



3a + 2 
3a + 2 - s 



Let us prove that the equahty in ( fTSi) cannot hold. Suppose that there exists 
a nonzero function / G L^^lK.) such that 



-^lb(/)X£;||,,,2 = 7a(i^)^ II \ix,t)\^ f\\ 



0,2 



Let 



^(r) = 7„(^)2 ||J'lb(/Xb^ 
We have 



r/ 117^,00 



+ ||-^lb(/Xb=) 



r > 



In particular, 
But 



Vr>0, ^(r) < ^7,,,(r) || \{x,t)mi, 
Hro) < 9aAro) \\ K^,^)^ /IL,2 



\\J^LB{f)XE\\^^^2 = Mro) II 1(2^,^)1' /IL,2 

So by the relations ([9]) and f|T6|) . we get 



|-7^LB(/)Xi?||^„,2 = 7a(^)2 ||-^Lb(/XB.o)|L„oo+ ^LbUXB-^ 



7a, 2 



(16) 



(17) 
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J^LBifXBf:^)XE 



On the other hand, we have 

\\J^LBif)XE\\^^^2 < \\j^LB{fXBjXE\\^^^2 

Using the relations (fT7|) and (IT5I) . we have 

7a(^)^ \\j'LBifXBj\\^^^^< Wj'LBifXBjXEW^^^^ 

Writting the relation ([9]) for the function fxBrg ; we obtain 

\\j^LB{fXBrJXE\\^^^^2 < 7a{E)^ \\j^LB{fXB 

Therefore 



^'■0''II7q,oo ' 



{j'LBifXBjXEW^^^, = la{EY W^LBifXBjW^^^^ 



(18) 



(19) 



(20) 



(21) 



Combining the relations (fTOj) . (fT2|) and (fT3|) . we obtain 

l.{E)^\fxBX,, + \\:FL{fxB^%^^,<ga,s{r) II l(^,t)r /IL,2; ^>0 (22) 
The relations dlO]), (HE]) and ([221), lead 



\\J^LB{f)XE\\^^^2 = lo.iE)2 ||/Xb.oIL,i + J^LbUXB-^] 

So, using ( |T7I) we get 



l^^^'-olL,! - \\^LBifXBj\\^^,oo 



(23) 



(24) 



Using the relations ( fTOl) and ( fTTi) . we have 

||-^Li.(/)X£;||,„,2 < V'W; ^>0 (25) 

with 

V9(r)=7,(i?)i|| |(x,t)r /IL,2|| l(^>^)r'XB,.|L,2 + ||-FLi.(/XiJ,)||^^,2 (26) 
We have 



Vr > 0, (^(r) < ga,s{r) \\ \ix,t)\' 



\a,2 



In particular , 



^{ro) < gaAro) II |(x,t)r/|| 



a,2 
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But 



Therefore 



\J^LB{f)XE\ 



7c. ,2 



\ix,t)\^f\\ 



a,2 



(27) 
(28) 



Using the relations (^Si>, and we have 

ll/^^-olL,i = ii i(^'^)i^/iL,2 II \(^^t)r XB.x^, 

However, / satisfies the equahty fl28|) if and only if 

\f{x,t)\=C\{x,t)\-'^XBjx,t), 

hence 

V(x,t)GK, f{x.,t) = C <Pix,t) \ix,t)\-'''xBjx,t), (29) 
with \(p{x,t)\ = 1. 

But / satisfies the relation (124|) . then there exists (Ao,mo) G K, such that 



= ll-^Li?(/)ll^„,oo = I-^Lb(/)(^,"^o)| • 

So, there exists £ satisfying 

^Li.(/)(Ao,mo) = e*^°||/IL,i, (30) 

and therefore 

Ce''" [ \ix,t)\-'-^XBjx,t) ( 0(x,t)e-^" Ja-iM Co(W) - l) c^rn,(^,t) = 0. 

This implies that for almost every {x,t) G K, 

<^(x,t) e-^° j,_i(Aot) C„(Aox2) = l. 
Since |0(x, t)| = 1, we deduce that for all x G R+, 



i„_i(Aot) £° (Aox^) 



1. 



It follows that An = and then 



(x, t) = e 



i0O 
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Replacing in ( 1291) . we get 

f{x,t) = Ce''^ \{x,t)\-'^XB,Jx,t). 
On the other hand, by the relation (I2T1) . we get 

ll^i\\J'LBml,oo - \J'LB{f){X,m)\') dU\rn) = 

then for almost every (A, m) G E, we have 

|J-^^(/)(A,m)| = ||J-^^(/)||^^,,, 
and by fl5U]l . we deduce that for almost every (A, m) G E, 
|-^LB(/)(A,m)| = e-^^° J-LB(/)(0,mo) 

Hence, 

-^Lij(/)(A,m) = cpiX,m) e-^'" J-lb(/)(0, mo), 
with |(/9(A,m)| = 1, and therefore 

C [ \{x,t)\-^'xBjx,t) ((/^(A,m)-i e*^" J,_i(At) ^(Ax^) - l) t^m„(x,t) = 0. 

Consequently for almost every {x, t) G K, 

(^(A,m)-ie^^° j„_i(At)C(Ax2) = l. 

which implies that A = 0. However, since 7a (i?) > 0, this contradicts the 
fact that for almost every (A, m) G E, 

|^LB(/)(A,m)| = |J-Lij(/)(0,mo)|, 

and shows that the inequality in is stictly satisfied. □ 

Lemma 4.1 Let s be a real number such that s > 3a+2, then for all nonzero 
measurable function f on K, we have 



<Ma.. 11/111:2""' II \ix,t)nLT , (31) 



VFe /iaf e equality in ([3l\i if only if there exists a > and b > such that: 

\fix,t)\ = {a + b\ix,t)\'^y' 
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Proof. The inequality ( 1311) holds if 



Q,2 



+00 or II \{x,t)\' /||„_2 = 



Assume that 



a,2 



+ 11 1(^,^)1^ /L,2<+^- 



From the hypothesis s > So; + 2, we deduce that for all a > and b > 0, the 
function 

{x,t) ^ {a + b\{x,t)\^'y' 
belongs to Ll^{^) and by Holder's inequality, we have 



< 



2 

a,2 



1+ iMi'-y 



(1+ |(x,t)p^)V 
We have equality in (|32l) if and only if 

\f{x,t)\ = C (1+ \{x,t)n-\ 



2 

a,2 



(32) 



(33) 



But 

Therefore 
where 



2 

a, 2 



(1+ |(x,t)p^)V 

,i<A^... (11/11I2 + 11 iMnfa 



(34) 



(1+ \{x,t)\'^) 



2 

a,2 



By straightforward calculus, we get 
1 



4"+i s^r(a + 1) 
For r > 0, we put 



.a + 1 2q; + 1 s — 3a — 2 3a + 2, 
^ 2 ' 2 ^ ^ s ' s ' 



Then we have 



/,(x,t) = r-^^"+^V(-,-). 



\\f''-\\a,l HJ Ha,l 
ll/'-IL,2 ~ ^60+4 ll'^llo,2 

\i^^t)nr\\l,2 = ^:di^\\ i(^'0r/iil2 



(35) 
(36) 

(37) 
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\a,2 



Replacing / by fr in the relation ( iMll . we deduce that for all r > 0, we have 

\\fti<Na,s (r-^'^"-^') 11/11^2+ r''-'''-' II l(^,^)r/ll' 
In particular, for 

/ l-^a + ^J ll/l'^ 



(3a + 2) 
3a - 2) II |(x,t)| 




we get 



where 



r, 6q+4 
r2 ii -.ii2 



:,i<Mi, ii/iL,2 ^ II \i^,t)nL,2 , (3^ 



]\/r _ / ■"'-~2~'~2~-' s ( s-3a-2 \—r~ \ 

^Vla,s I 4"+i7rr(«+l)fs-3o-2') ^ 3a+2 J 



4Q+i7rr(Q!+l)(s-3o-2) V 3a+2 

Now suppose that we have equality in the relation fj38|) . Then we have 
equality in for fr^ and by means of fl33l) . we obtain 

\Ux,t)\=C (1+ \{x,t)\'')-\ 

and then \f{x,t)\ = {a + b \{x,t)\'^')~\ □ 

Theorem 4.2 Let s be a real number such that s > 3a + 2. Then for all 
nonzero f G -^^^(IK) and for all measurable subset E G K such that < 
^a{E) < +00, we have 

\\J'LBif)XE\\,^,, < M^,s la{E)-^ ll/lli"^ II \{x.t)Y f\Cf (39) 
where M^^s is the constant given by the relation (\31\\ . 

Proof. Suppose that the right-hand side of fl5^ is finite. Then, according 
to Lemma [4. H the function / belongs to L]^{]^ and we have 

\\:FlbU)Xe\\1^^^<1.{E) ||-FLB(/)|lt,oo 

<M' UE) \\f\to-^ II i(x,t)r /lT 



where Ma^s is the constant given by the relation (1311) . 

Let us prove that the equality in fl39|) cannot hold. Suppose that there exists 
a nonzero function / G -^^^(IK) such that 



•FLB(/)Xi.|i;,2 = <s lc.{E) ll/li;- » II |(a;,t)r/L, 



6a + 4 6a+4 



2 
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Consequently, we find 



|-^Lb(/)Xe||^„,2 = 7a(^) II-^Lb(/)||^„,oo 



Q,l 



and 



.,1 = Ma,s 



Q,2 



7q,oo ' 



(40) 
(41) 

(42) 
(43) 



Applying Lemma [4.11 and the relation (l42l) . we deduce that 

V(x,t)GK, f{x,t) =ij{x,t) {a + b\{x,t)\^'y\ 

with |'0(x,t)| = 1, a > and 6 > 0. 

On the other hand, there exists (Ao,''Tio) G K, such that 

II-^lb(/)||^„,oo = I^LB(/)(Ao,mo)| = e*^° J-lb(/)(Ao, mo), G M. (44) 
Combining now the relations fj4Tl) . fj43|) and fj44|) . we get 

{a + b\ix,t)\^')-' (l - e^^« ^(x,t) j„_i(Aot) Co(Aox')) «?m«(x,t) = 0. 

This implies that for almost every {x, t) G K, 

e^^» ^(a;,t) j„_i(Aot) ^^(Aoa;^) = 1. 
Since \ilj{x,t)\ = 1, we deduce that for all x G IR+, 

j,„i(Aot) C.,(Aox2)| =1. 
It follows that Ao = and then 

ip{x,t) = e-'^\ 
Therefore the relation (H3l) yields 

/(x,t) = e-^« (a + 6|(a:,t)P^)''; 
Now, the relation (HDD means that 



jj^ (ll^LB(/)|lt,oo - |^Li.(/)(A,m)p) d7a(A,m) = 
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Hence, for almost every (A, m) G E, we have 

|J-^^(/)(A,m)| = \\TLBm,^,oo = J'LBifmmo). (45) 
|^LB(/)(A,m)| = a{X,m) J'lb(/)(A, m). 
with |o"(A, m)| = 1. 

Then from (H5ll . for almost every (A, m) G -E, 

a(A,m) J-LB(/)(A,m) = e^^°^iB(/)(0, mo), 

and therefore 

{a + b |(x,t)p')"^ (^1 -e~'^« a(A,m) i„_i(At) /:^(Ax^)) (im„(a;,t) = 0. 

Consequently for all {x,t) G K, 

a(A,m) e-^^° j„_i(At) ^(Ax^) = 1. 

which implies that A = 0. However, since 7a (i?) > 0, this contradicts the 
fact that for almost every (A, m) G E, 

J'LB{m,m) = J^LB{m,mo). 

and shows that the inequality in fl39l) is stictly satisfied. □ 

Theorem 4.3 Let s = 3a + 2, then for all nonzero f G L'^(^) and for all 
measurable set E <zlK such that < 'ya{E) < +oo, we have 

\\J'LBif)XE\\,^,, < Ca JaiE)^ ||/||^ || \(x,t)\-^ /||^ (46) 

with 



= (3a + 2)2 (3a + lywhi)-'^ 
Proof s = 3a + 2 > 1, then using 



J^ra+l 2a+l \ \ 2(3a+2) 



2 ' 2 



4°+%r(a + 1' 



We get 



l(.<^.«)l/IU< ll/L,2 + II l(i-.«)l'/ll 



a, 2 



optimizing in e, we obtain 



II 1(^,01 /iL,2< ^(^-i)'"Mi/iia:2'ii i(:^,t)r /11I2 

By this inequality together with (|8]) taken for s = 1, we get the result for 
s = 3a + 2. □ 
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